A proper vertex coloring of a graph G is equitable if the size of color classes differ by at most one. The equitable chromatic threshold of G, denoted by * Eq (G), is the smallest integer m such that G is equitably n-colorable for all n m. We prove that * Eq (G) = (G) if G is a non-bipartite planar graph with girth 26 and (G) 2 or G is a 2-connected outerplanar graph with girth 4.
Introduction
The vertex set, the edge set, the maximum degree, the minimum degree, the girth, the size and the order of G are denoted by V
(G), E(G), (G), (G), g(G), (G) and (G), respectively. A 2-vertex is a vertex of degree two.
A face is said to be incident with the vertices and edges on its boundary. If e is a cut edge in a plane graph, just one face is incident with e; otherwise, there are two faces incident with e. We say that an edge separates the faces incident with it and two faces are incident if there is at least one edge which is incident to both of the two faces. A k-face is a face enclosed by k edges. An outerplanar graph is a graph which can be embedded in the plane in such a way that every vertex lies on the boundary of the same region. A planar embedding of a planar graph is called a plane graph. The dual graph, denoted by G d , of a plane graph G is a graph where each vertex v f of G d corresponds with a face, f, of G, each edge e * of G d corresponds with an edge, e, of G, and two vertices v f 1 and v f 2 are joined by the edge e * in G d if and only if their corresponding faces f 1 and f 2 are incident with the edge e in G. A graph G is d-generate if every subgraph G of G has a vertex with degree (in G ) at most d. It is well known that the forests are exactly the 1-degenerate graphs, outerplanar graphs are 2-degenerate and planar graphs are 5-degenerate. Any undefined notation follows that of Bondy and Murty [2] .
A vertex coloring of G is an assignment of colors to the vertices of G such that no adjacent vertices have the same color. Given a vertex coloring of G with m colors, let V i denote the set of vertices colored i, for i = 1, . . . , m. We call a vertex coloring of G with m colors an equitable m-coloring if V i | − |V j 1 for all i, j. Without loss of generality, we may assume that |V 1 | = · · · = |V s | = a and |V s+1 | = · · · = |V m | = a + 1 for some s with 1 s m. When considering indices of the sets V 1 , . . . , V m , we will always assume these are taken modulo m; hence V 0 = V m , V 2m+5 = V 5 , etc. The equitable chromatic number of G, denoted by Eq (G), is the smallest integer m such that G is equitably m-colorable. The equitable chromatic threshold of G, denoted by * Eq (G), is the smallest integer m such that G is equitably n-colorable for all n m. It is obvious that Eq (G) * Eq (G) for any graph G. They might not be equal. For example, Eq (K 7,7 ) = 2 while * Eq (K 7,7 ) = 8. The motivation of studying equitable coloring is that it may be desirable to have approximately equal number of vertices in each color class. For example, when using a coloring model to find an optimal final exam schedule, one would like to have approximately equal number of final exams in each time slot because the whole exam period should be as short as possible and the number of classrooms available is limited.
Hajnal and Szemerédi [6] proved that * Eq (G) (G) + 1 for any graph G. This answered a question of Paul Erdős. Research conducted in the area of equitable coloring has been focusing either on Conjecture 1.1 formulated by Meyer [12] Lih and Wu [11] proved that * Eq (G) (G) if G is a connected bipartite graph other than a complete bipartite graph. Chen et al. [4] showed that G is equitably -colorable if G is a connected graph with (G) (G)/2 and G is different from K m and K 2m+1,2m+1 for all m 1. Chen et al. [4] also showed that Eq (G) = 3 if G is a connected cubic graph with (G) = 3.
For trees, Bollobás and Guy [1] proved the following result.
Theorem 1.3. A tree T is equitably
This implies that each n-vertex forest F with (F ) n/3 can be equitably 3-colored. Pemmaraju [13] recently showed that every n-vertex outerplanar graph G with (G) n/6 can be equitably 6-colored. Kostochka et al. [8] showed the following more general result on d-generate graphs.
Their proof is constructive and gives, for a d-degenerate graph, an equitable coloring using a number of colors within O(d)-factor of the minimum number of colors for an equitable coloring. For planar graphs this means we have a factor O(1) approximation algorithm to approximate the equitable chromatic threshold.
Chen and Lih [3] established the following result which also involves the equitable chromatic threshold. Kostochka et al. [9] introduced the list analogue of equitable coloring by proving the following theorem.
Theorem 1.6. If G is a graph and m max{ (G), (G)/2}, then G is equitably m-choosable unless G contains K m+1
or is K 2m+1,2m+1 .
For planar graphs, Zhang and Yap [15] first proved that a planar graph is equitably m-colorable if m 13, and they also proved in [14] that Conjecture 1.2 is true for outerplanar graphs. Recently, Kostochka [7] reduced the upper bound of * Eq (G) by almost half and proved that an outerplanar graph G is equitable m-colorable if (G) 3 and m 1 + (G)/2. Note that the star K 1,2m−1 cannot be equitably m-colored for any m 1 and thus the restriction m 1 + (G)/2 cannot be weakened even for trees.
Lih [10] gave a comprehensive survey of equitable coloring. One can also find more information in [5] about the algorithms of finding equitable chromatic number.
The above results illustrate the two main themes in the area of equitable coloring. The first theme is to find tight upper bounds either as a function of or a constant on the equitable chromatic number for a family of graphs. The second theme is to find tight upper bounds on the equitable chromatic threshold for a family of graphs.
The above two conjectures and most of the results that we mention mean that a graph G is equitable f ( )-colorable for some function f ( ). It is well known that every planar graph can be colored with four colors and every outerplanar graph can be colored with three colors. If is large, there is room to reduce the upper bound of equitable chromatic threshold for planar graphs and outerplanar graphs. Note that the upper bounds on equitable chromatic number in Theorems 1.3 and 1.5 are constants, and they both have an additional condition other than G is a tree. In this article, we shall present two results that show * Eq (G) 3 for planar (outerplanar) graphs with some restrictions on their girth.
Main results
Before we proceed, we need the following theorem and lemma. Theorem 2.1 was proved by Grötzsch in 1959. Lemma 2.2 gives us a substructure that is essential to prove Theorem 2.3.
In this section, we use the term a minimum counterexample as a counterexample with the minimum number of vertices; and we always assume that the first s color classes in an equitable m-coloring contain a elements and the remaining color classes contain a + 1 elements for some integer a and 1 s m.
if G is a cycle, we may further assume that G is not a cycle, that is, there exists a vertex of degree at least 3. It follows, if the path is maximal, that we may assume that d(v 0 ) and d(v k+1 ) 3 where v 0 ∈ N(v 1 ) and v k+1 ∈ N(v k ). Note that we define the length of any 2-path by the number of 2-vertices on the path because they are vital to our proofs.
Theorem 2.1. Every triangle-free planar graph is 3-colorable.

Lemma 2.2. Let G be a planar graph with (G) 2 and g(G) 26. Then G contains a 2-path of length k for some k 5.
Proof. We may assume that G is connected. Fix a planar embedding of G. Clearly, the dual graph G d is a planar multigraph. The removal of loops in G d means the removal of cut edges in G. Note that the cut edges of G do not lie on any cycle. By adding the cut edges back to G, it will not change the girth of G and it may increase the length of 2-path in the argument below. Thus, we may remove all loops from G d and assume G d is a loop-free graph. Let (e 1 , e 2 ) be a 2-face of G d . Remove e 1 from G d and repeat this recursively until there is no 2-face left. Let G d be the resulting graph. Thus, the smallest face of G d is a n-face where n 3. Since G d is a plane graph with no 2-face,
Note that the condition g(G) 26 cannot be improved. Let G be the dodecahedron. Subdivide each edge of G by four 2-vertices to form a new graph G . G has girth 25 (4 × 5 + 5) and has at most four consecutive 2-vertices. Proof. It is sufficient to show that G can be equitably m-colored for any m 3. Let G be a minimum counterexample to the theorem. We may assume that G is connected. By Lemma 2.2, there exists a 2-path v 1 . . . v k for some k 5. It is trivial that the theorem is true if G is a cycle of length 26. Note that this upper bound of * Eq (G) can be further reduced to 2 if and only if G is a bipartite graph and has an equitable 2-coloring. Lemma 2.1 implies the following corollary.
Corollary 2.4. Let G be a non-bipartite planar graph. Then
Next we consider the equitable chromatic threshold of outerplanar graphs. As mentioned before, Kostochka's result on outerplanar graphs cannot be weakened. However, there is still a gap between 1
Theorem 2.5. Let G be a 2-connected outerplanar graph. Then
Proof. Obviously, this theorem is true if G is a cycle. We may assume that there are at least three faces in G. Secondly, we show that the theorem is also true for m = 2, that is, if G is a 2-connected bipartite outerplanar graph. By minimality, G = G − {v 1 , v 2 , . . . , v k } has an equitable 2-coloring with color classes V 1 and V 2 . Without loss of generality, we may assume that v 0 ∈ V m and v k+1 ∈ V 1 . Since G is bipartite, k must be even and we can add v t to V i where i ≡ t mod 2 for 1 t k.
Note that g(G) 4 in Theorem 2.5 is the best possible lower bound on girth because a fan graph on six vertices (K 1,5 ∪ {y 1 y 2 , y 2 y 3 , y 3 y 4 , y 4 y 5 , y 5 y 1 } where V (K 1,5 ) = {x, y 1 , y 2 , y 3 , y 4 , y 5 }) cannot be equitably 3-colored. The girth requirement in this theorem is much better than the one in Theorem 2.3. To obtain a better lower bound on the girth condition for general planar graphs, one needs to find more substructures in G that can be used to equitably color G. In the following, we prove a theorem in which the girth requirement is lowered but we are only able to show * Eq (G) 4. Lemma 2.6. Let G be a planar graph with (G) 2 and g(G) 14. G contains either a subgraph P 3 , where P 3 is a 2-path of length at least 3, or a subgraph T 3 (see Fig. 1 ) with a vertex v of degree 3 which is adjacent to two paths of two consecutive 2-vertices and a 2-vertex.
Proof. Our proof uses an application of Euler's formula and the discharging method to obtain a contradiction.
. By Euler's formula, − + f = 2, and In the following, we shall redistribute the charge, without changing its sum, in such a way that we can show that W is positive if G does not contain at least one of the two subgraphs, P 3 or T 3 .
Suppose P 3 is not in G. It follows that each 2-vertex, x, must be adjacent to a vertex of degree at least 3. Let V 2,1 = {x|d(x)=2, and at least one of the two neighbors of x has degree at least 4}, V 2,2 ={x|d(x)=2 and both neighbors of x have degree 3}, V 2,3 ={x|d(x)=2, and one neighbor of x has degree 2 and the other has degree 3}, V 3,1 ={x|d(x) 4 and x is adjacent to a 2-vertex} and V 3,2 = {x|d(x) = 3 and x is adjacent to a 2-vertex}.
First consider W 2,1 +W 3,1 . We can remove a charge of 1 3 units from each vertex x ∈ V 3,1 and re-assign it to a neighbor of x with degree 2. This can be done to all neighbors of x with degree 2. Hence, x will give 1 3 to each of its neighbors of degree 2. It follows that each vertex in V 2,1 will receive 1 3 and each vertex in V 3,1 will lose no more than d(x)/3. Thus, Proof. Let G be a minimum counterexample to the theorem.
. . , z 1+h } where z 1+h is the last vertex of degree 2 on the path starting from z 1 (see Fig. 1 ). Clearly (G ) 2 and g(G ) g(G respectively, and d(v 0 ), d(v k+1 ) 3. Clearly (G ) 2 and g(G ) g(G) 14. By the minimality 
